Abstract. The iron Kα line commonly observed in the X-ray spectrum of both stellar-mass and supermassive black hole candidates is produced by the illumination of a cold accretion disk by a hot corona. In this framework, the activation of a new flaring region in the hot corona imprints a time variation on the iron line spectrum. Future X-ray facilities with high time resolution and large effective areas may be able to measure the so-called 2-dimensional transfer function; that is, the iron line profile detected by a distant observer as a function of time in response to an instantaneous flare from the X-ray primary source. The aim of this work is to figure out if and how such a phenomenon can provide information about the spacetime geometry around the compact object. We investigate the possibility of using the iron line reverberation to test the Kerr nature of astrophysical black hole candidates.
Introduction
In 4-dimensional general relativity, a black hole (BH) is a relatively simple object. Neglecting a possible non-vanishing electric charge, the spacetime geometry is described by the Kerr solution and the object is completely specified by the value of its mass M and of its spin parameter a * = a/M = J/M 2 , where J is the BH spin angular momentum [1] [2] [3] . If we know M and a * , all the properties of the spacetime can be calculated from these two quantities. Astrophysical BH candidates are grouped into two classes: (1) supermassive compact bodies in active galactic nuclei (AGN), hosting masses M ∼ 10 5 − 10 10 M ; and (2) compact objects in X-ray binary systems with masses M ≈ 5 − 20 M [4] . Both object classes are widely accepted to be BHs; on this basis, the spacetime geometry around them should therefore be well described by the Kerr solution. Indeed, initial deviations from the Kerr metric could be quickly radiated away through the emission of gravitational waves [5, 6] . And any initial non-vanishing electric charge would be quickly neutralized because of the highly ionized host environment of these objects [7] . The deviation induced by the presence of an accretion disk is usually completely negligible, because the disk mass is many orders of magnitude smaller than the mass of the BH candidate [8] .
However, current observations cannot unambiguously confirm the Kerr BH paradigm. For the time being, our principal insight is through robust measurements of the masses of these objects. Such measurements are obtained through dynamical studies which employ the orbital motion of nearby or companion stars. From these measurements, one can conclude that stellar-mass BH candidates in X-ray binary systems are too massive to be neutron or quark stars for any plausible matter equation of state [9] [10] [11] [12] , while supermassive BH candidates at the center of galaxies are surely too heavy, compact, and old to be clusters of neutron stars, since the expected cluster lifetime due to evaporation and physical collisions would be shorter than the age of these systems [13] . The non-observation of thermal radiation emitted by the possible surface of these objects is usually interpreted as evidence for the existence of an event (or at least of an apparent) horizon [14, 15] . In the end, these considerations lead one to conclude that astrophysical BH candidates are most readily explained as Kerr BHs in the framework of conventional physics, and that in order for them to be something else would only be natural in presence of new physics.
Nevertheless, general relativity has been tested only for weak gravitational fields, while the theory is almost unexplored in the limit of strong gravity [16] . Theoretical arguments in support of the Kerr BH hypothesis are thus not completely satisfactory, and one would like to find observational tests of whether the spacetime geometry around these objects is really described by the Kerr metric. The original idea of testing the Kerr nature of astrophysical BH candidates was put forward about 20 years ago in Ref. [17] , where a test was proposed using the gravitational waves emitted by a system of a stellar-mass compact object orbiting around a supermassive BH candidate. This testing ground was further explored by other authors [18] [19] [20] . More recently, there have been significant efforts examining possibile tests of the Kerr BH hypothesis from the properties of the electromagnetic radiation emitted by the accretion disks of these systems. Such tests have been proposed using both present X-ray data as well as future observations in the X-ray, NIR, sub-mm, and radio bands [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] . For a review on the subject, see e.g. [38, 39] and references therein.
Today, there are two techniques commonly employed in probing the spacetime geometry around astrophysical BH candidates; that is, the continuum-fitting method [40] [41] [42] [43] and the analysis of the Kα iron line [44] [45] [46] [47] . These two techniques have been developed to estimate the spin parameter of BH candidates under the assumption that the spacetime geometry around them is described by the Kerr metric. Both also rely on the assumption that the inner-edge of the accretion disk is located at the innermost stable circular orbit (ISCO), an assertion which is grounded in the observed constancy of accretion-disk inner radii [48] . The extension to nonKerr backgrounds to test the Kerr nature of BH candidates is straightforward [21] [22] [23] [24] [25] [26] [27] . The basic idea is to use an approach similar to the PPN formalism of Solar System experiments [16] . One assumes a general background metric with some free parameters to be determined by observations. In the case of general relativity, the exact value of some of these parameters is known and one wants to check if the measurements of these parameters is consistent with the one required by general relativity. Unfortunately, at present there is not a framework as general as the PPN formalism to test the Kerr BH hypothesis. One can anyway consider a BH spacetime in which the compact object is specified by a mass M , a spin parameter a * , and at least one deformation parameter. The latter measures possible deviations from the Kerr solution, which is recovered when the deformation parameter vanishes. One can then try to constrain the deformation parameter and see if observations require a non-Kerr element or not.
In general, however, it is not easy to constrain the deformation parameter. Critically, the continuum-fitting and iron line measurements seem able to measure only one parameter of the spacetime geometry close to BH candidates. In other words, there is a strong degeneracy between any constraint on spin and deformation parameters, and therefore a single measurement is only able to constrain a combination of these two quantities. The correct strategy to test the Kerr BH hypothesis seems then to combine several measurements of the same source to break the degeneracy [49] [50] [51] [52] . The current data fall short of providing strong independent constraints, but it will be hopefully achievable in the future. With current observations, we can at most exclude some very exotic BH alternatives, like compact objects without event horizon [53] and some classes of wormholes [54] . In the case of objects that look like very-fast rotating Kerr BHs, it is possible to determine a constrained region on the spin-deformation parameter plane [55] , because usually it is not easy to mimic a Kerr BH with spin parameter close to 1.
In this Paper, we aim to study the information provided by iron line reverberation to test the Kerr nature of BH candidates. The exact origin and geometry of the corona that produces the iron line is not known, but the line exhibits a high degree of variability on short timescales which seems to be associated with the activation of new flaring regions. This, in turn, spawns temporal variations in the iron line, owing to the different propagation time for different photon paths. Because of the limited count rates in the iron line with current X-ray facilities, present observations are integrated over many thousands of seconds. This causes a loss of information. Future X-ray facilities with large effective areas may be able to study the temporal change in response to the activation of new flares. Reverberation of the line can be exploited to gain insight into the system [56] [57] [58] . Here, we aim to figure out the advantage of the study of line reverberation to constrain possible deviations from the Kerr metric around BH candidates. The key-quantity to study is the 2-dimensional (2D) transfer function, which essentially corresponds to the time dependent iron line profile produced by an X-ray source emitting an instantaneous flare. While the advantage of reverberation observations over pure iron line spectroscopy depends on the quality of the available data (i.e., on the specific features of the detector, the source, and the observation), we find that high-quality reverberation measurements are more informative of the spacetime geometry around BH candidates, in part because they enable breaking of degeneracy between model parameters. In particular, those related to the estimate of the disk inclination angle i.
The content of the paper is as follows. In Section 2, we review the approach by which reverberation of the iron line is used to infer the geometry of the X-ray source, the structure of the accretion disk, and the BH spin in a Kerr background. In Section 3, we extend the formalism to non-Kerr backgrounds and show how reverberation can be used to test the actual nature of an astrophysical BH candidate. Section 4 demonstrates a preliminary quantitative analysis in which we compare iron line profiles and 2D transfer functions in Kerr and nonKerr spacetimes to examine the possibility of distinguishing Kerr and non-Kerr BHs. Our summary and conclusions are reported in Section 5. Throughout the Paper, we use units in which G N = c = 1, so lengths and times are measured in units of M , the mass of the BH.
Iron line reverberation

The corona-disk model in lamppost geometry
Optically-bright AGNs are thought to host a central supermassive BH surrounded by an optically thick and geometrically thin accretion disk. In the disk, the mass flow is directed inward and the angular momentum flow is directed outward; the accretion disk radiates like a blackbody locally, or as a multi-color blackbody when integrated radially. In addition to this blackbody-like "thermal" component, the electromagnetic spectrum has other features which result from a hotter, usually optically-thin, electron cloud termed the "corona" which enshrouds the central disk and acts as a source of X-rays. This X-ray emitting corona is often approximated as a point source located on the axis of the accretion disk and just above the BH 1 . This arrangement is often referred to as a "lamppost geometry" and the full structure is termed the "corona-disk model" [59, 60] . Different corona-disk models, consisting of a Kerr BH, an accretion disk, and an emitting source, have 2 characteristic parameters to be described. One is the spin parameter a * , with |a * | ≤ 1 in order to describe a BH and not a naked singularity. The second one is the height of the source above the accretion disk, h, which is important for measuring time-dependent iron line signals. The accretion disk is expected to have its inner edge at the radius of the ISCO, which in the Kerr background only depends on a * and ranges from r ISCO = 6 M for a Schwarzschild BH to r ISCO = M for an extremal Kerr BH with a * = 1 and a corotating disk. In response of the illumination of the disk by the hot corona, fluorescent emission is produced at the disk's surface, termed a "reflection component" which is most distinguished by its prominent emission lines. Here we will focus our attention only on the iron Kα line at 6.4 keV, which is the strongest reflection line in the X-ray spectra of BH candidates. In what follows, we set the emissivity index of the corona's intensity across the disk at q = 3 (unless stated otherwise), i.e., the coronal flux received by the disk is directly proportional to r −q , where r is the disk's radius. We note that this approach will fall short if applied to real data, because q = 3 is the asymptotic limit expected at large radii r M , while at small radii near r ≈ h, a proper reflection, lamppost model produces significant deviations [61, 62] . However, because our goal is to present a qualitative exploration of Kerr vs. non-Kerr geometries, we leave a more precise treatment to future followup studies.
Line reverberation from an on-axis coronal flare
In the framework of the corona-disk model, "reverberation" refers to the iron line signal as a function of time in response to a δ-function like pulse of radiation from the X-ray primary source (i.e., the corona) 2 . The resulting line spectrum as a function of both time and across photon energy is called the 2D transfer function. As we show, the shape of this 2D transfer function is related to fundamental properties of the BH and also the system geometry. The transfer function becomes nonzero as the first line photons reach the observer. Such photons are by necessarily those with the shortest path between the primary X-ray source, the disk, and the distant observer. The radial coordinate at which the shortest-path X-rays intercept the disk depends on the height of the source h. Likewise, the shortest path is dependent on the inclination of the disk with respect to the observer's line of sight, i. All other photons reaching the detector hit the disk at smaller and larger radii than that critical initial path, so they may have lower/higher energies as a result of a stronger/weaker gravitational redshift and different Doppler boosting. In the case of an almost face-on disk (small i), the situation is less complicated because the Doppler boosting is small and the gravitational redshift dominates. In this case, the transfer function exhibits two distinct branches (see the top left panel in Fig. 1 ): the high energy branch represents photons coming from the outer reaches of the accretion disk, while the low energy branch is produced by strongly redshifted photons from the innermost disk. The latter track terminates when photons from the ISCO reach the detector. At later times, the photon energy tends toward the value 6.4 keV, the restframe energy of iron Kα line, because at the large radii at which these photons originate, the gravitational redshift is of diminishing importance.
The 2D transfer function for a Kerr background
The 2D transfer function is sensitive to the viewing inclination angle, see Fig. 1 . When the inclination angle of the observer is small, the Doppler boosting is subdominant and the gravitational redshift determines the shape of the transfer function. As the inclination angle increases, Doppler boosting becomes increasingly important. For photons hitting the disk at radii r ≈ 10 − 15 M , the Doppler blueshift can significantly exceed the gravitational redshift and produces a characteristic high-energy peak in the transfer function. Meanwhile, for photons hitting the disk at even larger radii, both gravitational redshift and Doppler boosting decrease in strength, with the net result that the photon energy is lower. The top left panel in Fig. 1 shows the transfer function for a low viewing angle, namely i = 10 • , while the other two panels show broadened transfer functions corresponding to mid-range and nearly edge-on viewing angles, respectively i = 45 • and i = 80 • . The higher the inclination angle, the more complicated the transfer function becomes. However, at late times the problem again simplifies, because only line emission from the outer disk remains, and there the gravitational redshift becomes negligible and the width of the band around 6.4 keV is due to the Doppler redshift and blueshift caused by the orbital motion of the gas comprising the accretion disk. In fact, the width of the transfer function at late times has constraining power on the inclination angle of the disk. At the same time, for those large radii, the background metric has negligible effect and indeed this regime of the transfer function is essentially the same for Schwarzschild BHs and fast-rotating Kerr BHs (Figs. 2 and 3) . However, the signal becomes fainter and fainter, so any measurement would accordingly become tenuous in strength.
The transfer functions for BHs with different spin parameters in the Kerr background differ at early times, since those photons originate in the strong-gravity region closest to the BH. The effect of spin at low inclination angles can be seen in the top left panel of Fig. 1 and in the left panels in Figs. 2 and 3 . The low-energy, "red wing" of the transfer function depends significantly on the radius of the inner edge of the disk, which in the case of a geometrically thin and optically thick disk is thought to correspond with the ISCO radius (e.g., [63, 64] ). For a Schwarzschild BH, the ISCO radius is at r ISCO = 6 M and the minimum • (left panel) and i = 80
• (right panel). The height of the source is h = 10 M and the emissivity index of the intensity profile is q = 3. See the text for more details. • . In the left panel, the height of the source is h = 20 M and the index of the intensity profile is q = 3. In the right panel, the height of the source is h = 10 M and the index of the intensity profile is q = 6. See the text for more details. photon energy is about 4 keV for i = 10 • and q = 3. As the spin parameter increases, the ISCO radius decreases and the minimum photon energy decreases. For a * = 0.95, q = 3, and i = 10 • , the minimum photon energy is lower than 2 keV and is off-scale for the left panel in Fig. 3 .
The role of the source height is evident when comparing the top right panel in Fig. 1 and the left panel in Fig. 4 . The two transfer functions differ only in the corona's height; h = 10 M for the former, and h = 20 M for the latter. The source height affects the time at which the detector begins to respond to the X-ray signal. For a larger h, a given photon will experience a longer path-length to the observer. X-rays emitted from the same radius in the accretion disk will necessarily have the same energy. However, the gas in the accretion disk gets excited at a different time. This delay causes the transfer function to stretch along the time axis, as is evident in the left panel in Fig. 4 . The transfer function for a source with height h = 20 M begins at about 35 M , later than the one for h = 10 M , which is 30 M . And it takes a longer time, about 15 M , for the former transfer function to climb to the high-energy peak, while it only takes about 10 M when h = 10 M .
We consider changing the emissivity index from q = 3 to q = 6, and note that the shape of the transfer function does not change at all, although the value of flux does, see the top right panel in Fig. 1 and the right panel in Fig. 4 . Darker colors represent higher flux values. A steeper index causes the flux to fall off more rapidly with radius, and thus the later times at which those large radii dominate the transfer function are correspondingly fainter for q = 6 than q = 3.
The 2D transfer function for non-Kerr backgrounds
In order to verify the Kerr nature of an astrophysical BH candidate, it is not enough to observe relativistic signatures absent in a Newtonian model and have a good fit to the BH's spectrum, because a non-Kerr BH may mimic a Kerr BH with a different spin parameter. And this sort of degeneracy seems to be a common feature of non-Kerr structures. In order to quantify possible deviations from the Kerr background, one has to consider a general BH metric specified by a mass M , spin parameter a, and additional free parameters (usually called deformation parameters) that must recover the Kerr solution as they vanish. The calculations of the theoretical predictions of the BH spectrum is performed within this more general spacetime, and the comparison between predictions and observations are used to measure the value of all the parameters of the background metric. The Kerr BH hypothesis is unambiguously verified if observations require vanishing deformation parameters.
At present, there is no general framework that takes arbitrary possible deviations from the Kerr metric into account. However, with current observations it is already difficult to constrain one deformation parameter, so the lack of a broader theoretical framework is not critical at present. In what follows, we consider the Johannsen-Psaltis metric [65] . In its simplest version, the line element in Boyer-Lindquist coordinates reads
where Σ = r 2 + a 2 cos 2 θ, ∆ = r 2 − 2M r + a 2 , and
3 is the deformation parameter. The compact object is more prolate (oblate) than a Kerr BH for 3 > 0 ( 3 < 0); when 3 = 0, we exactly recover the Kerr solution.
The reverberation calculations for a Kerr background as treated in the previous section can be quite naturally extended to the Johannsen-Psaltis spacetime. Now, the parameters of the spacetime geometry are a * and 3 (M simply sets the scale of the system but otherwise factors out of any calculation). Fig. 5 shows the transfer functions for BHs with spin parameter a * = 0.5 and non-vanishing 3 . They can be compared with the transfer function in the top right panel in Fig. 1 , where the only difference is that for Fig. 1 the deformation parameter is zero; that is, the object is a Kerr BH. The most important difference between these transfer functions is that 3 affects the ISCO radius and thus the minimum photon energy. For 3 = 5 (left panel in Fig. 5 ), the inner edge of the disk is closer to the BH than in the Kerr solution, so photons experience a stronger gravitational redshift and the transfer function extends to energies lower than 2 keV. For 3 = −5 (right panel in Fig. 5 ), the object is more oblate than its Kerr counterpart, so the gravitational force on the equatorial plane is stronger and the ISCO radius is larger. In this spacetime, photons coming from the inner part of the accretion disk are less affected by the gravitational redshift as compared to cases with 3 = 5 or 3 = 0, so the red wing of the 2D transfer function is less extended. However, the transfer function is imprinted with more information about the spacetime geometry. As a result, different backgrounds experience different Doppler boosting, different light bending, and different time delays. All these relativistic effects are encoded in the 2D transfer function. As a result, a comparison of transfer function in Kerr and non-Kerr backgrounds can potentially be used to test the Kerr nature of astrophysical BH candidates.
Discussion
In order to be somewhat quantitative, we proceed as follows. We compare the iron line profile of a BH with spin parameter a * and deformation parameter 3 , observed from an inclination angle i with the line profile of a BH with spin parameter a * , deformation parameter 3 , and observed from an inclination angle i . For simplicity, we adopt the same height of the source h and the same emissivity index q = 3, but a more accurate analysis should also examine • . The index of the intensity function is always assumed to be q = 3. See the text for more details. • . The index of the intensity function is always assumed to be q = 3. See the text for more details.
degeneracy between these two parameters as well. We adopt the following notation for the normalized photon flux number densities in the energy bin [E j , E j + ∆E]
We introduce the quantity S P as a metric for the discordance between the primed and unprimed iron lines: • . The index of the intensity function is always assumed to be q = 3. See the text for more details. • . The index of the intensity function is always assumed to be q = 3. See the text for more details. and in the time bin [t k , t k + ∆t k ]. The function is now called S R and it is defined as
In what follows, we adopt ∆E = 0.05 keV and ∆t = M (e.g., for M = 10 6 M the time bin ∆t ≈ 5 s).
In Fig. 6 , we compare the time-integrated iron line profiles of Kerr BHs with spin parameter a * = 0.5 (left panel) and a * = 0.95 (right panel) observed with an inclination angle i = 45 • and the iron line profiles of Kerr BHs with spin parameter a * (x axis) and observed with an inclination angle i = 44 • (black solid line), 45 • (blue dotted line), and 46 • (magenta dashed-dotted line). If we consider that realistic measurements have values with typical precision a * = 0.5 ± 0.1 and a * = 0.95 ± 0.05, we find that in the former case we cannot expect to distinguish comparable fitting line models with S P 8; in the latter case the constraint Figure 11 . Left panel: ISCO radius in Boyer-Lindquist coordinates on the spin parameterdeformation parameter plane; for a fixed 3 , r ISCO decreases as a * increases for small a * , it reaches a minimum at a certain a * that depends on the value of 3 , and then it increases as a * increases. Right panel: ISCO radius in Boyer-Lindquist coordinates as a function of a * for 3 = 4.
is even broader, with S P 20. We note that this quantification scheme is approximate, but useful as a guide what may be achievable based upon the present state-of-the-art spin measurements. It is likewise difficult to differentiate the BH's inclination angle to high precision, as evident in both the panels of Fig. 6 . The steps in the curves in the left panel of Fig. 6 are just an artifact of the finite value ∆E of the energy bins. In Fig. 7 , we report the S R functions obtained from the comparison of the 2D transfer functions. The scale of S R is much larger in this instance, because of the greater number of bins. However, the most important difference is the pronounced difference resulting from small variation in the inclination angle, indicating the ability of such measurements to discern inclination at high precision. This is in contrast to the time-integrated signal of Fig. 6 in which the inclination had ambiguous impact on the profile within the 1 • variation considered. The ability to achieve a robust measurement of the disk inclination angle is ultimately determined by the availability of adequate data for the 2D transfer function at late times, where the spacetime geometry and the gravitational redshift have negligible impact. The width of the 2D transfer function in that regime is simply the (Newtonian) Doppler broadening of the gas orbit. Such a measurement is challenging, because the photon flux at late times falls off rapidly (the photon flux is expected to be proportional to 1/r 3 at large radii). But when the signal is sufficient, this regime provides the most precise measurement of i.
In the same spirit, we can compare iron line profiles and 2D transfer functions of Kerr and Johannsen-Psaltis BHs. This is done, respectively, in Fig. 8 and Fig. 9 . In these plots, the reference spectra are again Kerr BHs with a * = 0.5 (left panel) and a * = 0.95 (right panel), with the same inclination angle i = 45 • , but they are compared to objects in the Johannsen-Psaltis metric with 3 = 4. From the left panel in Fig. 8 , we see that the minimum of the S P function is at a * = 0.25 − 0.3, with the deepest minimum for i = 46 • . Using the limits on S P above as a guide, given that there is a range found in which S P < 10 − 20, it is therefore apparent that one cannot expect to distinguish a Kerr BH from a JohanssenPsaltis BH with deviations as large as 3 = 4. In this case, if one assumed incorrectly the Kerr background and found a * = 0.5 ± 0.1, the object could actually be a Johannsen-Psaltis BH with 3 = 4, the true spin in that case would be closer to a * = 0.27 ± 0.1. A similar situation is apparent in the right panel in Fig. 8 . In this case, the minimum of S P is at a * = 0.59 (and i = 46 • ).
The results from the comparison of the 2D transfer function are reported in Fig. 9 . As seen in Fig. 7 , the 2D transfer function is more constraining on the inclination angle. Unlike in Fig. 8 , here the minimum of S R is for i = 45 • , the same values as the reference BH. In the left panel, the minimum of S R is about 500 at a * ≈ 0.18. In the right panel, the minimum of S R is around 750 at a * = 0.59. From a comparison with Fig. 7 , we suggest that Kerr BHs and Johansenn-Psaltis BHs with 3 = 4 may be distinguishable via the measurement of the 2D transfer function if, in the Kerr case, we can obtain spin estimates at the level of a * = 0.5±0.02 and a * = 0.95±0.01. Of course, this would requires sufficient understanding of the measurement systematics. However, such precision is not beyond our reach. We note that the capability of the 2D transfer function to get an independent estimate of the inclination angle i helps to sharpen the constraint on the deformation parameter. This is because from the spectra alone the inclination angle is essentially determined by the position of the high energy peak, which results from the dominant Doppler boosting and a subdominant gravitational redshift. In the Kerr background, this peak occurs at radii r ≈ 10 − 15 M . In non-Kerr backgrounds, the relativistic effects are different and there is therefore a degeneracy not only between the spin a * and the deformation parameter 3 , but also with the inclination angle i; even BH metrics with large deformation parameters can mimic Kerr BHs with a different spin and inclination angle [27] . Fig. 10 shows the S P function when we change the reference Kerr BH's spin parameter. For low values of the spin parameter, as a * increases, the position of the minimum of S P increases as well (left panel). For high values of a * , the situation is slightly different. First, for a * ≤ 0.94 there are two local minima, respectively below and above the value a * = 0.59. For higher values of a * , there is only one minimum of S at a * = 0.59 and the minimum of S P increases as a * increases (right panel). These specific values of a * and a * hold for the case 3 = 4 under consideration, but a similar picture is found if we consider a different value of the deformation parameter. This behavior can be understood in terms of the ISCO radius. Fig. 11 shows the ISCO radius in Boyer-Lindquist coordinates as a function of the spin and the deformation parameters (left panel), and as a function of the spin parameter for 3 = 4 (right panel). If we start from slow rotating BHs, the ISCO radius decreases as a * increases, but at a certain point it reaches a minimum, which depends on 3 . In the case of 3 = 4, the minimum of the ISCO radius is 1.92 M at a * = 0.59. After than, the ISCO radius increases as the spin parameter increases. Figure 12 . Iron Kα lines in the Johannsen-Psaltis background with 3 = 4 and different values of the spin parameter. The profile with the red wing reaching lowest energy is that corresponding to the BH with a * = 0.59; for lower or higher spin parameters, the red wing falls off more abruptly, extending to more moderate energies. The right panel is a zoom-in of the red wing from the left panel.
position of the inner edge of the disk, which is taken to be at the ISCO radius. The two local minima in the bottom left panel in Fig. 10 come from the fact there are two BHs with 3 = 4 and similar ISCO radius, respectively for a spin parameter lower and higher than 0.59. The minimum is at a * = 0.59 and therefore such a Johannsen-Psaltis BH with 3 = 4 looks like the most fast-rotating BH with 3 = 4. In terms of the iron line profile, this means that the one with a * = 0.59 has the longest low energy tail, see Fig. 12 . However, fast-rotating Kerr BHs can have a longer low energy tail when a * > 0.95. So the minimum of S P in the bottom right panel in Fig. 10 is still at a * = 0.59, but the value of S P increases.
Summary and conclusions
Astrophysical BH candidates are supposed to be the Kerr BHs predicted in general relativity, but the actual nature of these objects has still to be confirmed. The study of the properties of the electromagnetic radiation emitted by the gas in the accretion disk can be used to probe the spacetime geometry around these compact objects and hopefully test the Kerr BH hypothesis. Today, the continuum-fitting method and the analysis of the iron Kα line are the primary techniques capable of providing information about the metric around BH candidates. However, it is usually difficult to simultaneously constrain possible deviations from the Kerr solution, because there is a strong correlation between the measurement of the spin and the deformation parameters. In the end, non-Kerr BHs may look like Kerr BHs with a different spin parameter and it is impossible to test the Kerr nature of the compact object without an independent estimate of its spin. The iron Kα line is produced from the illumination of a cold disk by a hot corona above the accretion disk. Flaring regions in the hot corona produce fast time variability in the fluorescent line emission in the disk, manifesting as line reverberation. Because of insufficient count rates in present X-ray facilities in the iron-line band, to achieve sufficient signal one must integrate over many thousands of seconds. This causes a loss of information. Future X-ray facilities with larger effective areas may be capable of measuring the 2D transfer function; that is, the iron line signal as a function of time in response to an instantaneous coronal flare. The determination of the 2D transfer function can provide information about the spacetime geometry around the BH candidate, the geometry of the primary X-ray source, and the structure of the accretion disk.
In this paper, we have extended the calculation of the iron line reverberation in a Kerr background to a more general metric to figure out if and how this technique can be used to measure some deformation parameter and thus test the Kerr BH hypothesis. In Section 4, we have considered some specific cases and compared iron line profiles and 2D transfer functions in Kerr and non-Kerr backgrounds. Generally speaking, reverberation measurements are a more powerful tool to probe the spacetime geometry around astrophysical BH candidates and to test the Kerr BH paradigm, but high quality data are necessary. A remarkable feature of the 2D transfer function is represented by the possibility of getting a background independent estimate of the disk inclination angle i, as constrained by the signal originating from large radii. That becomes very useful when we want to test the Kerr nature of the spacetime. While in the Kerr background there is essentially no correlation between the BH spin a * and the viewing angle i, in non-Kerr backgrounds the deformation parameter is correlated with both a * and i [27] .
Although reverberation studies are already being used to glean information about relativistic effects in the inner reaches of AGN systems (see e.g Refs. [66] [67] [68] ), for the precision measurements we consider, the present fleet of X-ray detectors are unable to adequately resolve the transfer function at the required time plus energy resolution (they fall short of the mark for both stellar-mass and supermassive BH candidates). However, a next-generation successor to RXTE [69] , such as LOFT [70] , will be capable of making such measurements on a dedicated few, bright and nearby AGN systems. For a nearby AGN, z < 0.1 with mass ∼ 10 9 M , accreting near its Eddington limit, one may achieve tens of thousands of photon counts in its reflection features, per unit M in time (i.e., bins of ∼ 5000s). The most prominent of these reflection features is that we have emphasized throughout, namely the iron Kα line. This signal is sufficiently strong that measurements by a facility such as LOFT would thereby enable us to decode the time-differentiated spectrum to discern the transfer function. Of course, in practice involves using the full reflection spectrum, beyond just the iron line.
Even while this domain becomes accessible to us for supermassive BH candidate systems, the timescales are sufficiently short for stellar-mass systems (i.e, tens of µs), that no detector now or on the immediate horizon, is likely to allow measurement of a transfer function in the relativistic regime for stellar-mass BH candidates.
